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Rigoroussimulationsof quantumtunneling dynamicsin model systemswith up to 20 coupled
degreesof freedomarereported.Thesimulationsimplementanextensionof therecentlydeveloped
matching-pursuit/split-operatorFourier-transform method to complex-valued coherent-state
representations.Theresultingmethodrecursivelyappliesthetime-evolutionoperator, as de®nedby
the Trotter expansion to second order accuracy, in dynamically adaptive coherent-state
representationsgeneratedby an approachthat combinesthe matching-pursuitalgorithm with a
gradient-basedoptimizationmethod. • 2004AmericanInstituteof Physics.
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I. INTRODUCTION

Studiesof atomicandmolecularquantumprocessat the
most fundamentallevel of theory requiresolving the time-
dependentSchroÈdinger equation.In recentyears,there has
beensigni®cantprogressin thedevelopmentandapplication
of numericallyexactmethods1±13 basedon thesplit-operator
Fourier-transform ~SOFT! approach,14±16 the Chebyshev
expansion,17 or the shortiterativeLanczos18 algorithms.Un-
fortunately, theserigorousapproachesarestill limited to sys-
temswith very few degreesof freedom~e.g.,molecularsys-
tems with less than three or four atoms!. The major
stumblingblock that hindersapplicationsto larger systems,
however, is not intrinsic to the natureof thesepowerful in-
tegratorsbut rather to the typical representationof time-
dependentwave functions in basissetsof orthogonalfunc-
tions ~or grid points!. Such conventional representations
require computationaleffort that scalesexponentiallywith
the dimensionalityof the system.

Due to the limitationsof rigorousapproaches,studiesof
quantum processesin multidimensional systemsare cur-
rently basedon approximatemethodsbuilt around mixed
quantum-classical,variational,semiclassical,or path-integral
ideas.However practical, theseapproachesrequire a com-
promisebetweenaccuracyandfeasibility andrely on ad hoc
approximationswhoseresultingconsequencesareoften dif-
®cult to quantify in applicationsto complex~nonintegrable!
dynamics.Establishingrigorous,yet practical,computational
methodsto integratethe time-dependentSchroÈdinger equa-
tion is thereforeoneof the importantchallengesin theoreti-
cal chemistry.

The matching-pursuit/split-operatorFourier-transform
~MP/SOFT! method19,20 hasbeenrecently introducedin an
effort to develop a simple and rigorous time-dependent
methodfor simulationsof quantumprocessesin multidimen-
sional systems,basedon nonorthogonalrepresentations.To
date, however, the ef®ciencyand accuracyof the method
havebeendemonstratedonly for the descriptionof quantum
dynamicsin a one-dimensionalmodelsystem.19 The goal of
this paperis to introducea generalizationof the MP/SOFT

methodand demonstrateits capabilitiesfor simulationsof
quantumdynamicsin systemswith manycoupleddegreesof
freedom.

The MP/SOFTmethodis basedon the recursiveappli-
cationof the time-evolutionoperator, as de®nedby theTrot-
ter expansionto secondorderaccuracy, in dynamicallyadap-
tive and nonorthogonal coherent-state representations
generatedaccordingto thematching-pursuitalgorithm.21 The
mainadvantageof this approachrelativeto thestandardgrid-
basedSOFT method is that the coherent-stateexpansions
allow for an analytic implementationof the Trotter expan-
sion, bypassingthe exponentialscaling problem associated
with the usualfast-Fourier-transformimplementationof the
propagator.

Whencomparedto othertime-dependentmethodsbased
on coherent-stateexpansions,22±32 the MP/SOFT approach
has the advantageof avoiding the usual needof solving a
coupledsystemof differentialequationsfor propagatingex-
pansioncoef®cients.In addition, the methodovercomesthe
usualnumericaldif®cultiescausedby the underlyingover-
completeness,introducedby nonorthogonalbasisfunctions,5

by implementing a successiveorthogonal decomposition
scheme.

As formulatedin Ref.19,however, therearetwo caveats
worth mentioning.First, the methodrequiresthe recursive
constructionof overcompletebasissetsfor eachpropagation
time slice.This involvesa computationaleffort thatbecomes
increasinglydif®cult as the numberof coupleddegreesof
freedomin the systemincreases.Second,the ef®ciencyof
the methodis limited to the capabilitiesof representations
basedon real-valuedcoherentstates~i.e., coherentstatewith
real-valuedcoordinates,momenta,and®xedscalingparam-
eters!. The generalizationof the MP/SOFT method, intro-
ducedin this paper, avoids the needof constructingover-
completebasis sets and generalizesthe representationsto
expansionsbasedon complex-valuedcoherentstates~i.e.,
coherentstatewith complex-valuedcoordinates,momenta,
andvariablescalingparameters!.

The capabilitiesof the methodfor ef®cientlydescribing
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quantumdynamicsin multidimensionalmodel systemsare
demonstratedin terms of simulations of deep-tunneling
quantumdynamicsin modelsystemswith up to 20 coupled
degreesof freedom.Consideringthe limitations of numeri-
cally exactmethodsand the crucial roles that quantumpro-
cessesplay in a wide rangeof atomic and molecularpro-
cesses~e.g., electron and proton transfer in chemical and
biological reactions!, this approachprovidesa simple com-
putationaltechniqueto advanceour understandingof a wide
range of quantum processesin systemsthat are beyond
the state-of-the-art in numerically exact time-dependent
methods.

The paperis organizedas follows. SectionII describes
the generalizationof the MP/SOFT method to complex-
valuedcoherent-staterepresentationsgeneratedaccordingto
a computational approach that combines the matching-
pursuitalgorithmwith a gradient-basedoptimizationmethod.
SectionIII describesthe implementationof the generalized
MP/SOFTmethodintroducedin Sec.II to thedescriptionof
deeptunnelingin multidimensionalmodel systems.Section
IV summarizesandconcludes.

II. METHODS

Consider the propagationof the N-dimensionalwave
function ^xuC t& by recursivelyapplying the short-timeap-
proximation to the time-evolution operatorde®nedby the
Trotter expansion

e2 iHÃt ' e2 iV~xÃ! t /2e2 i~pÃ2/2m! t e2 iV~xÃ! t /2. ~1!

Here, t is a shortpropagationperiod for the time evolution
of the system as described by the Hamiltonian HÃ

5 pÃ2/(2m)1 V(xÃ). To keep the notation as simple as pos-
sible, all expressionsare written in mass-weightedcoordi-
natesand atomic units, so that all degreesof freedomhave
the samemassm and\ 5 1.

Theimplementationof Eq.~1! accordingto thegenerali-
zationof the MP/SOFTmethodintroducedin this papercan
be describedby the following steps.

Step 1. Decompose ^xuCÄt&[ ^xue2 iV(xÃ)t /2uC t& in a
matching-pursuitcoherent-stateexpansion,

^xuCÄt&' (
j 5 1

n

c j^xuj &. ~2!

Here,^xuj &areN-dimensionalcoherentstates,

~xuj &[ )
k5 1

N

A j~k!e2 g j~k!@x~k!2 x j~k! #2/2eip j~k!@x~k!2 x j~k! #,

~3!

with complex-valued coordinates x j (k)[ r j (k)1 id j (k),
momenta p j (k)[ g j (k)1 i f j (k), and scaling parameters
g j (k)[ a j (k)1 ib j (k). The normalization constants
are A j (k)[ @a j (k)/p #1/4exp„2 1/2a j (k)d j (k)22 d j (k)g j (k)
2 @b j (k)d j (k)1 f j (k)#2/@2a j (k)#…andthe expansioncoef®-
cients, introducedby Eq. ~2!, are de®nedas follows: c1

[ ^1uCÄt&andc j [ ^juCÄt&2 ( k5 1
j 2 1ck^juk&for j 5 2 ±N.

Step2. Analytically Fouriertransformthe coherent-state
expansionto themomentumrepresentation,applythekinetic

energy part of theTrotter expansionandanalyticallyinverse
Fourier transformthe resultingexpressionback to the coor-
dinaterepresentationto obtain the time evolvedwave func-
tion

^xuC i 1 t &5 (
j 5 1

n

c je
2 iV~x! t /2^xujÄ&, ~4!

where

^xujÄ&[ )
k5 1

N

A j~k!A m

m1 i tg j~k!

3 expSSp j~k!

g j~k!
2 i@x j~k!2 x~k! #D2

S 2

g j~k!
1

i2t
m D 2

p j~k! 2

2g j~k!D.

~5!

Note that the computationaltask necessaryfor quantum
propagation,accordingto this approach,is completely re-
ducedto theproblemof recursivelygeneratingthecoherent-
stateexpansionsintroducedby Eq.~2!. Theseexpansionsare
obtainedby combiningthematchingpursuitwith a gradient-
basedoptimizationmethodasfollows.

Step1.1. Startingfrom an initial trial coherentstateuj &
evolve the real and imaginary componentsof its complex
parametersx j (k), p j (k), andg j (k) andlocally maximizethe
norm of its overlapwith the target stateû juCÄt&u~the results
reported in Sec. III were obtained by implementing a
gradient-basedoptimizationschemethatcombinesthesteep-
est descentalgorithm with the parabolicsearchapproach.33

The parametersx1(k), p1(k), andg1(k) of the local maxi-
mum de®nethe ®rstcoherentstateu1&in the expansionand
its correspondingexpansioncoef®cientc1 as follows: uCÄt&
5 c1u1&1 ue1&, where c1[ ^1uCÄt&. Note that the residual
vectorue1&is orthogonalto u1&dueto the de®nitionof c1 .

Step1.2. Gotostep1.1, replacinguCÄt&by ue1&, i.e., sub-
decomposeue1&by its projectionalong the direction of its
locally optimum match u2& as follows: ue1&5 c2u2&1 ue2&,
where c2[ ^2ue1&. Note that ue2u< ue1u, since ue2& is or-
thogonalto u2&.

Step1.2 is repeatedeachtime on the following residue.
After n successiveprojections,the norm of the residualvec-
tor uen& is smallerthana desiredprecisioneÐi.e., uenu5 (1
2 ( j 5 1

n uc ju
2)1/2, e, and the resultingexpansionis given by

Eq. ~2!. Note that norm conservationis maintainedwithin a
desiredprecision,just as in a linear orthogonaldecomposi-
tion, althoughthe coherentstatesin the expansionare non-
orthogonalbasisfunctions.Also, note that uc ju< 1 although
the basisfunctionsarenonorthogonal.

It is importantto mentionthat the computationalbottle-
neck of the MP/SOFT method involves the calculationof

overlapmatrix elementŝ jue2 iVÃ(x)t /2ukÄ&and^jue2 iVÃ(x)t /2uk&,
whereuk&andukÄ&arelocalizedGaussiansintroducedby Eqs.
~3! and~5!, respectively. The underlyingcomputationaltask

1677J. Chem. Phys., Vol. 121, No. 4, 22 July 2004 Quantum tunneling dynamics in multidimensional systems

Downloaded 09 Jul 2004 to 130.132.58.224. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



is however trivially parallelized according to a portable
single-program-multiple-datastreamscode that runs under
the message-passing-interfaceenvironment.

The overlap integralsare most ef®cientlycomputedin
applicationsto reactionsurfaceHamiltonianswherea large
numberof harmonicmodescan be arbitrarily coupledto a
few reaction~tunneling! coordinates~see,e.g.,modelsI and
II in this paperand reactionsurfaceHamiltoniansin Refs.
34±36!. For suchsystems,the Gaussianintegralsover har-
monic coordinatescanbe analyticallycomputedandthe re-
maining integrals over reaction coordinatesare ef®ciently
obtainedaccordingto numericalquadraturetechniques.For
moregeneralHamiltonians,the overlapmatrix elementscan
be approximatedby analytic Gaussianintegrals when the
choiceof width parametersg j (k) allows for a local expan-
sion of V(xÃ) to secondorder accuracy. Otherwise,the qua-
draticapproximationis usefulfor numericallycomputingthe
corresponding full-dimensional integrals according to
variance-reductionMonte Carlo techniques.

III. RESULTS

The capabilitiesof the generalizedMP/SOFTapproach
introduced in Sec. II are demonstratedin simulations of
deep-tunnelingquantumdynamicsassociatedwith two mul-
tidimensionalmodelsystems~modelsI andII, for futureref-
erence!. Both model systemsmimic a quantum particle,
coupledto a quantumbath,tunnelingthrougha high energy
barrier. The main differencebetweenthe two modelsis that
the effective tunnelingbarrier in model I is independentof
the numberof coupleddegreesof freedomin the system,
while theeffectivebarrierin modelII linearly increaseswith
the numberof degreesof freedomin the system.

The systemis initially preparedin a metastablestate
^xuC 0&, localizednearthebottomof thewell on onesideof
the potential energy barrier. Due to the light massof the
particle and the high energy barrier, the subsequentrelax-
ation dynamicsis highly quantummechanicalin the deep
quantumtunneling regime. Tunneling is quantitativelyde-
scribed in terms of the correlation function CR(t)
5 ^C RuC t& that measuresthe overlap betweenthe time-
dependentwavefunctionuC t&andthe`̀ mirror image'' of the
initial state^xuC 0&re¯ectedthroughthecenterof thebarrier,
^xuC R&.

Model I is describedby the following Hamiltonian:

HÃ5
pÃ1

2

2m1
1 V1~xÃ1!1 (

j 5 2

N SpÃj
2

2mj
1

1

2
mjv j

2xÃj
2

1 c jxÃjxÃj 2 1D, ~6!

where mj5 1.0a.u., v j5 1.0a.u., and c j5 0.2a.u. for j
5 1 ±N and

V1~xÃ1!5
1

16h
xÃ1

42
1

2
xÃ1

2, ~7!

with h5 1.3544.
The initial wavefunction ^xuC 0&is de®nedby the mul-

tidimensionalharmonicstate

^xuC 0&5 p 2 N/4)
j 5 1

N

exp@2 1
2~x j2 xÅj !

2#, ~8!

wherexÅ152 2.5a.u., andxÅj5 0 for j 5 2 ±N.
Figure1 comparesCR(t) for modelI with N5 10,5, and

2, in panels~a!, ~b!, and~c!, respectively. Panel~a! illustrates
the ef®ciencyof the MP/SOFTmethodologyin termsof the
small numberof basisfunctions (n5 300) requiredfor the
descriptionof deepquantumtunneling in a model system
with 10 coupleddegreesof freedom.In contrast,analogous
calculationsbasedon the standardgrid-basedSOFTmethod
would beseverelyhinderedby theexponentialscalingprob-
lem. Panels~b! and~c! showthe correspondingresultsafter
reducingthedimensionalityof thesystemto 5 and2 degrees
of freedom,respectively. Theseresultsare consistentwith
the form of the Hamiltonian introducedby Eq. ~6!. As ex-
pected,tunnelingoccursalongthe x1 direction,a coordinate
that is coupleddirectly to x2 but only indirectly to the addi-
tional degreesof freedomin the system.Therefore,decreas-
ing thedimensionalityof thesystemfrom 10 to 2, decreases
the frequencyof CR(t) but doesnot signi®cantlyaffect the
rate,or amountof quantumtunneling.Finally, notethatpanel
~c! comparesthe MP/SOFT results for N5 2 ~solid lines!

FIG. 1. Comparisonof Re@CR(t)# and uCR(t)u for model I with N5 10, 5,
and2 degreesof freedom,in panels~a!, ~b!, and~c!, respectively. Panel~c!
comparestheMP/SOFTresults~solid lines! for N5 2 with benchmarkgrid-
basedSOFT calculations~dashes!. The insertedlabels indicatethe dimen-
sionality of the systemand the numberof basiselementsin the MP/SOFT
coherent-stateexpansions.
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with benchmarkSOFT calculations~dashes!. The compari-
son showsthat there is quantitativeagreementwith bench-
mark results for both the real part and modulusof CR(t)
throughoutthe whole simulationtime. The ®nalpropagation
time represents1200 propagationtime slices ~t 5 0.2 a.u.!,
about60 oscillationperiodsat the bottomof the well where
uC 0&is initially localized.

Model II is de®nedby the following Hamiltonian:

HÃ5
pÃ1

2

2m1
1 V1~xÃ1!1 (

j 5 2

N SpÃj
2

2mj
1

1

2
mjv j

2xÃj
2

1
1

2
c jxÃ1xÃj

2D, ~9!

where V1 is de®nedaccordingto Eq. ~7!, c j5 0.1a.u. and
mj5 1.0a.u. for j 5 1 ±N, with N5 1±20.

Figure2, panel~a!, showsCR(t) for the 20-dimensional
model II (N5 20) computedaccording to the MP/SOFT
methodintroducedin this paper. Remarkably, theseef®cient
calculations require rather compact matching-pursuit
coherent-stateexpansionswith only 25 basis elements(n
5 25). The ef®ciency of these dynamically adaptive
coherent-staterepresentationsis probablydue to the under-

lying simplicity of the modelHamiltonian,wherethe quan-
tum bath is de®nedaccordingto a manifold of harmonic
oscillators that are directly coupled only to the tunneling
coordinate.The accuracyof the methodologyis veri®edin
Fig. 2, panel~b!, whereCR(t) for model II with N5 20 and
c j5 0 ~solid lines! is comparedwith benchmarkcalculations
~dashes!. Note that the solid and dashedcurvesare almost
completelysuperimposedthroughoutthe whole simulation
time, demonstratingquantitativeagreementbetweentheMP/
SOFTresultsand benchmarkcalculations.In addition,note
that the net effect of decouplingthe harmonicbathfrom the
reactionsurfaceis to reducethe effective tunnelingbarrier,
asexpected.Therefore,decouplingthebathfrom the tunnel-
ing coordinateincreasesthe amountof quantumtunneling
without signi®cantlyaffecting the frequencyof the correla-
tion function. Furthermore,Fig. 2, panel ~c! comparesthe
MP/SOFT calculations~solid lines! of CR(t) for model II
with N5 2 with benchmarkcalculations~dashes! and semi-
classicalHerman-Kluk ~Ref. 37! results ~dots!. Note that
quantitative agreement with benchmark calculations is
shown not only for the phaseand amplitudeof CR(t) but
alsofor all thedetailedtemporalstructureof CR(t). Further-
more, note that the MP/SOFT calculations required
matching-pursuitcoherent-stateexpansionswith only 25 ba-
sis elements.In contrast,semiclassicalresultsobtainedac-
cordingto themostpopularsemiclassicalinitial valuerepre-
sentation method37 ~dots! employed more than 23 104

coherentstatesandbecameincreasinglydif®cult to converge
evenbeyondrathershortpropagationtimes~5 a.u.!, probably
due to the highly quantum-mechanicalnatureof the deep-
tunnelingdynamics.

IV. CONCLUDING REMARKS

We haveshownhow to generalizetheMP/SOFTmethod
to complex-valued coherent-state representations.The
methodpropagatestime-dependentwave functionsin terms
of coherent-stateexpansionsgeneratedaccordingto a suc-
cessivedecompositionschemethat combinesthe matching-
pursuitalgorithmwith a gradient-basedoptimizationmethod.
The ef®ciencyof the approachrelies on the fact that, con-
trary to theoriginal formulationof theMP/SOFT, themethod
avoids the needof generatingovercompletebasissets for
eachpropagationtime slice. In addition, the methodgener-
atesmore¯exible ~complex-valued! representationsthat still
allow for an analytic implementationof the time-evolution
operatorasde®nedby theTrotter expansionto secondorder
accuracy.

We havedemonstratedthe ef®ciencyof the generalized
MP/SOFTapproachfor simulationsof deep-tunnelingquan-
tum dynamicsin model systemswith up to 20 coupledde-
greesof freedom.Theseresultsat leastdemonstratethe po-
tentiality of a rigorous methodology for simulations of
quantumprocessesin systemsthat are beyondthe capabili-
ties of the state-of-the-art in numerically exact time-
dependentmethods.Work in progressin our researchgroup
includesthe implementationof this approachto simulations
of intramolecularprotontransferdynamics38 andcalculations
of equilibrium propertiesof quantumsystemsby imaginary-
time propagationof the densitymatrix.39

FIG. 2. Calculationsof CR(t) for model II describedin the text. Panel~a!:
20-dimensionalmodelsystem(N5 20). Panel~b!: N5 20 andc j5 0. Panel
~c!: MP/SOFTresults~solid lines! arecomparedto benchmark~dashes! and
semiclassical~dots! calculationsfor N5 2. The insertedlabelsindicatethe
dimensionalityof the systemandthe numberof basiselementsin the MP/
SOFTcoherent-stateexpansions.
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