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systems:

Rigorous simulationsof quantumtunneling dynamicsin model systemswith up to 20 coupled
degreesf freedomarereported The simulationsimplementan extensiorof the recentlydeveloped
matching-pursuit/split-operatorFouriertransform method to complex-valued coherent-state
representationg he resultingmethodrecursivelyappliesthe time-evolutionoperatoy as de®nedy
the Trotter expansionto second order accuracy in dynamically adaptive coherent-state
representationgieneratedby an approachthat combinesthe matching-pursuitalgorithm with a

gradient-basedptimizationmethod. *
@O0I: 10.1063/1.1766238

I. INTRODUCTION

Studiesof atomicand molecularquantumprocesst the
most fundamentalevel of theory require solving the time-
dependenSchrialinger equation.In recentyears,there has
beensigni®canprogressn the developmenandapplication
of numericallyexactmethod$*® basedon the split-operator
Fouriertransform ~SOFT approachH**!® the Chebyshev
expansiort, or the shortiterative Lanczos® algorithms.Un-
fortunately theserigorousapproachearestill limited to sys-
temswith very few degreesf freedom-e.g.,molecularsys-
tems with less than three or four atom$. The major
stumblingblock that hindersapplicationsto larger systems,
however is not intrinsic to the natureof thesepowerful in-
tegratorshbut rather to the typical representatiorof time-
dependentvave functionsin basissetsof orthogonalfunc-
tions ~or grid pointd. Such conventional representations
require computationaleffort that scalesexponentiallywith
the dimensionalityof the system.

Dueto the limitations of rigorousapproachesstudiesof
guantum processesn multidimensional systemsare cur-
rently basedon approximatemethodsbuilt around mixed
guantum-classicaljariational,semiclassicalor path-integral
ideas.However practical, theseapproachesequire a com-
promisebetweeraccuracyandfeasibility andrely on ad hoc
approximationsvhoseresultingconsequencesre often dif-
®cultto quantify in applicationsto complex-nonintegrable
dynamics Establishingigorous,yet practical,computational
methodsto integratethe time-dependenSchrialinger equa-
tion is thereforeone of the importantchallengesn theoreti-
cal chemistry

The matching-pursuit/split-operatof~ouriertransform
~MP/SOFT method®?° hasbeenrecentlyintroducedin an
effort to develop a simple and rigorous time-dependent
methodfor simulationsof quantumprocesses multidimen-
sional systems basedon nonorthogonarepresentationsto
date, however the ef®ciencyand accuracyof the method
havebeendemonstratednly for the descriptionof quantum
dynamicsin a one-dimensionamodelsystem:® The goal of
this paperis to introducea generalizatiorof the MP/SOFT
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method and demonstratdts capabilitiesfor simulationsof
quantumdynamicsin systemsawith manycoupleddegreesf
freedom.

The MP/SOFT methodis basedon the recursiveappli-
cationof the time-evolutionoperator as de®nedy the Trot-
ter expansiorto secondorderaccuracyin dynamicallyadap-
tive and nonorthogonal coherent-state representations
generatecccordingto the matching-pursuiglgorithm?! The
mainadvantagef this approactrelativeto the standardyrid-
basedSOFT methodis that the coherent-stateexpansions
allow for an analytic implementationof the Trotter expan-
sion, bypassingthe exponentialscaling problem associated
with the usualfast-Fouriettransformimplementationof the
propagatar

Whencomparedo othertime-dependentnethodsbased
on coherent-statexpansion€?*¥? the MP/SOFT approach
has the advantageof avoiding the usualneedof solving a
coupledsystemof differentialequationgor propagatingex-
pansioncoef®cientsin addition, the methodovercomeshe
usual numericaldif®cultiescausedby the underlying over
completenessntroducedby nonorthogonabasisfunctions®
by implementing a successiveorthogonal decomposition
scheme.

As formulatedin Ref. 19, howevertherearetwo caveats
worth mentioning.First, the methodrequiresthe recursive
constructionof overcompletébasissetsfor eachpropagation
time slice. This involvesa computationakffort thatbecomes
increasinglydif®cult as the numberof coupled degreesof
freedomin the systemincreasesSecond,the ef®ciencyof
the methodis limited to the capabilitiesof representations
basedon real-valuedcoherentstates+.e., coherentstatewith
real-valuedcoordinatesmomenta,and ®xedscaling param-
eterd. The generalizationof the MP/SOFT method, intro-
ducedin this paper avoids the needof constructingover
completebasis sets and generalizesthe representationso
expansionsbasedon complex-valuedcoherentstates+.e.,
coherentstate with complex-valuedcoordinates momenta,
andvariablescalingparametefs

The capabilitiesof the methodfor ef®cientlydescribing
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guantumdynamicsin multidimensionalmodel systemsare
demonstratedin terms of simulations of deep-tunneling
guantumdynamicsin model systemswith up to 20 coupled
degreesof freedom.Consideringthe limitations of numeri-
cally exactmethodsandthe crucial roles that quantumpro-
cesselay in a wide range of atomic and molecularpro-
cesses<€.g., electron and proton transferin chemical and
biological reactions, this approachprovidesa simple com-
putationaltechniqueto advanceour understandingf a wide
range of quantum processesn systemsthat are beyond
the state-of-the-artin numerically exact time-dependent
methods.

The paperis organizedas follows. Sectionll describes
the generalizationof the MP/SOFT method to complex-
valuedcoherent-stateepresentationgeneratedaccordingto
a computational approach that combines the matching-
pursuitalgorithmwith a gradient-basedptimizationmethod.
Sectionlll describeghe implementationof the generalized
MP/SOFTmethodintroducedin Sec.ll to the descriptionof
deeptunnelingin multidimensionalmodel systems.Section
IV summarizesaind concludes.

IIl. METHODS

Considerthe propagationof the N-dimensionalwave
function ~xC ;& by recursivelyapplying the short-timeap-
proximationto the time-evolution operatorde®nedby the
Trotter expansion

e? idn 2 iv%mzez i#/Zm!rez iv~>€¥z/2_

e ~!

Here, t is a short propagationperiod for the time evolution
of the system as described by the Hamiltonian G
5 #¥/(2m)1 V(A. To keepthe notation as simple as pos-
sible, all expressionsare written in mass-weightedtoordi-
natesand atomic units, so that all degreesof freedomhave
the samemassm and\ 5 1.

Theimplementatiorof Eq.~1! accordingto the generali-
zationof the MP/SOFTmethodintroducedin this papercan
be describedby the following steps. )

Step 1. Decompose g ~xe? VO C & in a
matching-pursuitoherent-statexpansion,

n

MUEN& é ;"™ XU & 2!
i51
Here,”xy &are N-dimensionalcoherentstates,
N
L )5 Aj~k!e2 gjkl@k!2 xj~k!#2/2eipj—k!@—k!2 XjK1#
1
-3l

with  complex-valued coordinates x;(K)[ rj(k)1 id;(k),
momenta p;(k)[ g;(k)1 if;(k), and scaling parameters
g;(K[ aj(k)1ibj(k). The normalization constants
are A;(kK)[ @j(k)/p#l"‘exp,z 1/2aj(k)dj(k)22 d;j(k)g;(k)
2 @;(k)d;(k)1 fj(k)#zl@aj(k)#..andthe expansiorcoef®-
cients, introduced by Eq. 2!, are de®nedas follows: ¢,
[ M&andc[ YUY (121cjk&for j5 22N,

Step2. Analytically Fouriertransformthe coherent-state
expansiorto the momentunrepresentatiorapply the kinetic
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enepy part of the Trotter expansiorandanalyticallyinverse
Fourier transformthe resultingexpressiorbackto the coor
dinaterepresentationo obtainthe time evolvedwave func-
tion

n
~C i & J( ) Cje2 iV—x!t/ZAX& 4l
where
- N m
A . IAi
XL’f& )51A1~k. ml itg;~k!
i @ki2 -4<|#D
TP\S Qz  2) 20
l -
g;k!'" m
bl

Note that the computationaltask necessaryfor quantum
propagation,accordingto this approach,is completelyre-
ducedto the problemof recursivelygeneratinghe coherent-
stateexpansionsntroducedby Eq. 2!. Theseexpansionsre
obtainedby combiningthe matchingpursuitwith a gradient-
basedoptimizationmethodas follows.

Stepl.1 Startingfrom an initial trial coherentstatey &
evolve the real and imaginary componentsof its complex
parameters;(k), p;(k), andg;(k) andlocally maximizethe
norm of its overlapwith the target statey\j lf{&rthe results
reported in Sec. lll were obtained by implementing a
gradient-basedptimizationschemehat combineghe steep-
estdescentalgorithm with the parabolicsearchapproach’
The parameterx,(k), p;(k), and g;(k) of the local maxi-
mum de®nethe ®rstcoherentstated &in the expansiorand
its correspondingexpansioncoef®cientc, as follows: lf;&
5c,u&l & where cqf "1L€t& Note that the residual
vector g, &is orthogonalto d&dueto the de®nitionof ¢, .

Stepl.2 Gotostepl.l,replacinglf;&by W & i.e., sub-
decomposae; & by its projectionalong the direction of its
locally optimum match 2& as follows: we;& c 128 &
where c,[ "2ue;& Note that ue, K Lejy since & is or-
thogonalto 2&

Stepl.2is repeateceachtime on the following residue.
After n successiverojections the norm of the residualvec-
tor ue,&is smallerthana desiredprecisionebi.e., we,b (1
2 ([5,&;H)¥, e, andthe resultingexpansionis given by
Eqg. ~2!. Note that norm conservatioris maintainedwithin a
desiredprecision,just asin a linear orthogonaldecomposi-
tion, althoughthe coherentstatesin the expansionare non-
orthogonalbasisfunctions.Also, note that .¢;i< 1 although
the basisfunctionsare nonorthogonal.

It is importantto mentionthat the computationabottle-
neck of the MP/SOFT method involves the calculation of

overlapmatrix elementgyj te? 01288 andj Le? P12k g,
wherem&andlf&arelocalizedGaussianmtroduce(by Egs.
~3! and-5!, respectively The underlyingcomputationatask
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is however trivially parallelized accordingto a portable
single-program-multiple-datatreamscode that runs under
the message-passing-interfaeavironment.

The overlap integralsare most ef®cientlycomputedin
applicationsto reactionsurfaceHamiltonianswherea large
numberof harmonicmodescan be arbitrarily coupledto a
few reaction+tunnelind coordinatessee,e.g.,modelsl and
Il in this paperand reactionsurfaceHamiltoniansin Refs.
34+36!. For suchsystemsthe Gaussiarnintegralsover har
monic coordinatescan be analytically computedandthe re-
maining integrals over reaction coordinatesare ef®ciently
obtainedaccordingto numericalquadraturgechniquesFor
more generalHamiltonians the overlapmatrix elementscan
be approximatedby analytic Gaussianintegrals when the
choiceof width parametergy;(k) allows for a local expan-
sion of V(& to secondorder accuracy Otherwise,the qua-
draticapproximationis usefulfor numericallycomputingthe
corresponding full-dimensional integrals according to
variance-reductiotMonte Carlo techniques.

Ill. RESULTS

The capabilitiesof the generalizedVP/SOFT approach
introducedin Sec. Il are demonstratedn simulations of
deep-tunnelingyuantumdynamicsassociatedvith two mul-
tidimensionalmodelsystemsimodelsl andll, for future ref-
erencé. Both model systemsmimic a quantum particle,
coupledto a quantumbath,tunnelingthrougha high enegy
barrier The main differencebetweenthe two modelsis that
the effective tunnelingbarrierin modell is independenbf
the numberof coupleddegreesof freedomin the system,
while the effective barrierin modelll linearly increasesvith
the numberof degreeof freedomin the system.

The systemis initially preparedin a metastablestate
XU (& localizednearthe bottomof the well on oneside of
the potential enegy barrier Due to the light massof the
particle and the high enegy barrier the subsequentelax-
ation dynamicsis highly quantummechanicalin the deep
guantumtunneling regime. Tunneling is quantitatively de-
scribed in terms of the correlation function Cg(t)
5 "C gL ;& that measuresthe overlap betweenthe time-
dependentvavefunctionC ;&andthe “mirrorimage' of the
initial state’™x.C (&re ectedthroughthe centerof thebarrier
~UC R&

Model | is describedby the following Hamiltonian:

As A~ A | 3 Sﬁi Y.
2_mllvl%i'1j§2 mjlimjvjﬁf

1 chAMD 6!

where m;5 1.0a.u,, v;5 1.0a.u,, and c;5 0.2a.u. for j
51N and

- 1 . 1

15 —— — !

VA5 16/7)«112 2;@%, 7!
with /5 1.3544.

The initial wave function x.C y&is de®nedy the mul-
tidimensionalharmonicstate
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FIG. 1. Comparisonof Re@gy(t)# and (Cx(t)ufor model | with N5 10, 5,
and?2 degreesf freedom,in panels-al, b!, and~¢!, respectivelyPanel-~!
compareghe MP/SOFTresults~solid lined for N5 2 with benchmarlgrid-
basedSOFT calculations<lashek The insertedlabelsindicatethe dimen-
sionality of the systemandthe numberof basiselementsn the MP/SOFT
coherent-statexpansions.

N
MLC (& p? N"‘)S exp@ 3-x;2 A2 8!
1

WhereASZ 2.5a.u.,and»§6 0 for j5 2+N.

Figurel compare<g(t) for modell with N5 10,5, and
2,in panels-d, b!, and~¢!, respectivelyPanel&! illustrates
the ef®ciencyof the MP/SOFTmethodologyin termsof the
small numberof basisfunctions (n5 300) requiredfor the
descriptionof deep quantumtunnelingin a model system
with 10 coupleddegreesf freedom.In contrast,analogous
calculationsbasedon the standardgrid-basedSOFT method
would be severelyhinderedby the exponentiakcalingprob-
lem. Panelsb! and-¢! showthe correspondingesultsafter
reducingthe dimensionalityof the systemto 5 and2 degrees
of freedom, respectively Theseresults are consistentwith
the form of the Hamiltonianintroducedby Eq. -6!. As ex-
pected tunnelingoccursalongthe x; direction,a coordinate
thatis coupleddirectly to x, but only indirectly to the addi-
tional degreeof freedomin the system.Therefore decreas-
ing the dimensionalityof the systemfrom 10 to 2, decreases
the frequencyof Cg(t) but doesnot signi®cantlyaffect the
rate,or amountof quantumtunneling.Finally, notethatpanel
~¢! comparesthe MP/SOFT resultsfor N5 2 ~solid lined
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FIG. 2. Calculationsof Cg(t) for modelll describedn the text. Panel-al:
20-dimensionamodelsystem(N5 20). Panel-b!: N5 20 andc;5 0. Panel
~¢!: MP/SOFTresults~solid lined arecomparedo benchmarkdashesand
semiclassicatdotd calculationsfor N5 2. The insertedlabelsindicatethe
dimensionalityof the systemandthe numberof basiselementsn the MP/
SOFT coherent-statexpansions.

with benchmarkSOFT calculations-dashes The compari-
son showsthat thereis quantitativeagreementvith bench-
mark resultsfor both the real part and modulus of Cg(t)
throughoutthe whole simulationtime. The ®nalpropagation
time representsl200 propagationtime slices ~5 0.2 a.ul,
about60 oscillation periodsat the bottom of the well where
WC o&is initially localized.
Model Il is de®nedy the following Hamiltonian:

As G Al 3 Sﬁi Y
Z—rnllvl%g.ljéz mjlzmjvjﬁf

1 %chfD o

whereV, is de®nedaccordingto Eqg. 7!, ¢;5 0.1a.u. and
m;5 1.0a.u.for j5 1N, with N5 1+20.

Figure 2, panel-al, showsCg(t) for the 20-dimensional
model Il (N5 20) computedaccordingto the MP/SOFT
methodintroducedin this paper Remarkablytheseef®cient
calculations require rather compact matching-pursuit
coherent-stateexpansionswith only 25 basis elements(n
5 25). The ef®ciency of these dynamically adaptive
coherent-stateepresentationss probablydue to the under
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lying simplicity of the model Hamiltonian,wherethe quan-
tum bath is de®nedaccordingto a manifold of harmonic
oscillators that are directly coupled only to the tunneling
coordinate.The accuracyof the methodologyis veri®edin
Fig. 2, panel-b!, whereCg(t) for modelll with N5 20 and
¢;5 0 ~solid lined is comparedwith benchmarkcalculations
~dashek Note that the solid and dashedcurvesare almost
completely superimposedhroughoutthe whole simulation
time, demonstratingjuantitativeagreemenbetweerthe MP/
SOFTresultsand benchmarkcalculations.In addition, note
thatthe net effect of decouplingthe harmonicbathfrom the
reactionsurfaceis to reducethe effective tunnelingbarrier
asexpectedTherefore decouplingthe bathfrom the tunnel-
ing coordinateincreaseshe amountof quantumtunneling
without signi®cantlyaffecting the frequencyof the correla-
tion function. Furthermore,Fig. 2, panel~€! comparesthe
MP/SOFT calculations~solid lined of Cg(t) for model Il
with N5 2 with benchmarkcalculations-dashek and semi-
classical Herman-Kluk ~Ref. 37! results ~dotd. Note that
quantitative agreementwith benchmark calculations is
shown not only for the phaseand amplitudeof Cg(t) but
alsofor all the detailedtemporalstructureof Cg(t). Further
more, note that the MP/SOFT calculations required
matching-pursuitoherent-statexpansionwith only 25 ba-
sis elements.In contrast,semiclassicaresultsobtainedac-
cordingto the mostpopularsemiclassicainitial valuerepre-
sentation method’ ~dotd employed more than 23 10
coherentstatesandbecamencreasinglydif®cultto convepe
evenbeyondrathershortpropagatiortimes-5 a.u!, probably
due to the highly quantum-mechanicatature of the deep-
tunnelingdynamics.

IV. CONCLUDING REMARKS

We haveshownhow to generalizahe MP/SOFTmethod
to complex-valued coherent-state representations. The
methodpropagatesime-dependentvave functionsin terms
of coherent-statexpansionggeneratedaccordingto a suc-
cessivedecompositiorschemethat combinesthe matching-
pursuitalgorithmwith a gradient-basedptimizationmethod.
The ef®ciencyof the approachrelies on the fact that, con-
trary to the original formulationof the MP/SOFT themethod
avoids the need of generatingovercompletebasis sets for
eachpropagationtime slice. In addition, the methodgener
atesmore exible ~complex-valuet representationthat still
allow for an analytic implementationof the time-evolution
operatorasde®nedy the Trotter expansiorto secondorder
accuracy

We havedemonstratedhe ef®ciencyof the generalized
MP/SOFTapproachor simulationsof deep-tunnelingjuan-
tum dynamicsin model systemswith up to 20 coupledde-
greesof freedom.Theseresultsat leastdemonstratéhe po-
tentiality of a rigorous methodology for simulations of
quantumprocesses$n systemsthat are beyondthe capabili-
ties of the state-of-the-artin numerically exact time-
dependentmethodsWork in progressin our researchgroup
includesthe implementationof this approachto simulations
of intramoleculamprotontransferdynamics® andcalculations
of equilibrium propertiesof quantumsystemsby imaginary-
time propagatiorof the densitymatrix.>°
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